A definitive result on asymptotic contractions  by Suzuki, Tomonari
J. Math. Anal. Appl. 335 (2007) 707–715
www.elsevier.com/locate/jmaa
A definitive result on asymptotic contractions
Tomonari Suzuki 1
Department of Mathematics, Kyushu Institute of Technology, Sensuicho, Tobata, Kitakyushu 804-8550, Japan
Received 21 October 2006
Available online 12 February 2007
Submitted by T.D. Benavides
Abstract
We generalize a fixed point theorem for asymptotic contractions due to Kirk [W.A. Kirk, Fixed points of
asymptotic contractions, J. Math. Anal. Appl. 277 (2003) 645–650]. Our result is the final generalization in
some sense.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
It is well known that the Banach contraction principle [2] is a very useful, simple and classical
tool in nonlinear analysis. Also, this principle has many generalizations; see [7] and others. For
example, in 2003, Kirk [8] proved the following interesting fixed point theorem.
Theorem 1. (See Kirk [8].) Let (X,d) be a complete metric space and let T be a continuous
mapping on X. Assume that T is an asymptotic contraction, i.e., there exist a continuous function
ϕ from [0,∞) into itself and a sequence {ϕn} of functions from [0,∞) into itself such that the
following hold:
(A1) ϕ(0) = 0.
(A2) ϕ(r) < r for r ∈ (0,∞).
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(A4) d(T nx,T ny) ϕn(d(x, y)) for x, y ∈ X and n ∈N.
Then T has a unique fixed point.
See also [1,5]. Asymptotic contraction is an asymptotic version of Boyd–Wong contrac-
tion [3]. Motivated by Theorem 1, Suzuki [17] proved the following generalization.
Theorem 2. (See [17].) Let (X,d) be a complete metric space and let T be a continuous mapping
on X. Assume that T is an asymptotic contraction of Meir–Keeler type (ACMK, for short), i.e.,
there exists a sequence {ϕn} of functions from [0,∞) into itself satisfying the following:
(B1) lim supn ϕn(ε) ε for all ε  0.
(B2) For each ε > 0, there exist δ > 0 and ν ∈N such that ϕν(t) ε for all t ∈ [ε, ε + δ].
(B3) d(T nx,T ny) < ϕn(d(x, y)) for all n ∈N and x, y ∈ X with x = y.
Then T has a unique fixed point.
Using Lim’s characterization [10], we can prove that Theorem 2 is also a generalization of the
Meir–Keeler fixed point theorem [11]. See also [12,18].
In this paper, we introduce a more generalized notion and prove fixed point theorems. Our
result is not just any generalization. We shall also explain that our result is the final generalization
in some sense.
2. Fixed point theorems
Throughout this paper we denote by N the set of all positive integers.
In this section, we introduce the notion of asymptotic contractions of the final type and prove
fixed point theorems for such contractions.
Definition 1. Let (X,d) be a metric space. Then a mapping T on X is said to be an asymptotic
contraction of the final type (ACF, for short) if the following hold:
(C1) lim
δ→+0 sup
{
lim sup
n→∞
d
(
T nx,T ny
)
: d(x, y) < δ
}
= 0.
(C2) For each ε > 0, there exists δ > 0 such that for x, y ∈ X with ε < d(x, y) < ε + δ, there
exists ν ∈N such that d(T νx,T νy) ε.
(C3) For x, y ∈ X with x = y, there exists ν ∈N such that d(T νx,T νy) < d(x, y).
(C4) For x ∈ X and ε > 0, there exist δ > 0 and ν ∈N such that
ε < d
(
T ix,T jx
)
< ε + δ implies d(T ν ◦ T ix,T ν ◦ T jx) ε
for all i, j ∈N.
Theorem 3. Let T be an ACMK on a metric space (X,d). Then T is an ACF.
Proof. Let {ϕn} be a sequence of functions satisfying (B1)–(B3). We have
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δ→+0 sup
{
lim sup
n→∞
d
(
T nx,T ny
)
: d(x, y) < δ
}
 lim
δ→+0 sup
{
lim sup
n→∞
ϕn(t): t < δ
}
 lim
δ→+0 δ = 0.
This is (C1). Let us prove (C3). Fix x, y ∈ X with x = y and put ε := d(x, y) > 0. Then from
(B2), there exist δ > 0 and ν ∈N such that ϕν(t) ε for all t ∈ [ε, ε + δ]. From (B3), we have
d
(
T νx,T νy
)
< ϕν
(
d(x, y)
)= ϕν(ε) ε = d(x, y).
We have shown (C3). Similarly, we can prove that (B2) and (B3) imply (C2) and (C4). 
In order to prove fixed point theorems, we prove the following.
Lemma 1. Let T be a mapping on a metric space (X,d). Assume that T satisfies (C1)–(C3).
Then
lim
n→∞d
(
T nx,T ny
)= 0
holds for all x, y ∈ X.
Proof. Let x, y ∈ X be fixed arbitrarily. In the case when T jx = T jy for some j ∈ N,
the conclusion clearly holds. So we assume that T jx = T jy for all j ∈ N. We put α =
lim infn d(T nx,T ny). Then from (C3), we have α < d(T jx,T jy) for all j ∈ N. Arguing by
contradiction, we assume α > 0. Then from (C2), there exists δ > 0 satisfying the following:
• For u,v ∈ X with α < d(u, v) < α + δ, there exists ν ∈N such that d(T νu,T νv) α.
From the definition of α, we can take j ∈ N satisfying α < d(T jx,T jy) < α + δ. Hence, there
exists ν ∈N such that
d
(
T ν+j x, T ν+j y
)
 α.
This is a contradiction. Therefore we obtain α = 0. Fix ε > 0. Then from (C1), there exists δ > 0
such that
sup
{
lim sup
n→∞
d
(
T nu,T nv
)
: d(u, v) < δ
}
< ε.
Taking j ∈N with d(T jx,T jy) < δ, we have
lim sup
n→∞
d
(
T nx,T ny
)= lim sup
n→∞
d
(
T n ◦ T jx,T n ◦ T jy)< ε.
Since ε > 0 is arbitrary, we obtain the desired result. 
Using the method in [19], we prove the following.
Lemma 2. Let (X,d) be a metric space and let T be an ACF on X. Then for every x ∈ X, {T nx}
is a Cauchy sequence.
Proof. Fix x ∈ X and define a sequence {xn} in X by xn = T nx for n ∈ N. Let ε > 0 be fixed.
Then from (C4), there exist δ > 0 and ν ∈N such that
ε < d(xi, xj ) < ε + δ implies d(xν+i , xν+j ) ε
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N ∈N such that d(xn, xn+1) < δ/ν for every nN . Fix L ∈N with LN . We shall show
d(xL, xL+n) < ε + δ < 2ε (1)
for all n ∈N by induction. For every n ∈ {1,2, . . . , ν}, we have
d(xL, xL+n)
n−1∑
j=0
d(xL+j , xL+j+1) < nδ/ν  δ < ε + δ.
For m ∈ N with m > ν, we assume (1) holds for every n ∈ N with n < m. In particular,
d(xL, xL+m−ν) < ε + δ. In the case of d(xL, xL+m−ν) ε, we have
d(xL, xL+m) d(xL, xL+m−ν) +
ν∑
j=1
d(xL+m−j , xL+m−j+1)
< ε + νδ/ν = ε + δ.
In the other case of ε < d(xL, xL+m−ν) < ε + δ, we have
d(xL, xL+m) d(xL, xL+ν) + d(xL+ν, x(L+m−ν)+ν) < δ + ε.
Therefore (1) holds when n = m. Thus, by induction, we obtain (1) for all n ∈ N. Hence we
obtain
lim
n→∞ supm>n
d(xn, xm) = 0,
which is equivalent to that {xn} is Cauchy. 
The following is one of our main results.
Theorem 4. Let (X,d) be a complete metric space and let T be an ACF on X. Assume that the
following holds:
(D) If u ∈ X and limn T nu = v, then there exists  ∈N such that T v = v.
Then there exists a unique fixed point z ∈ X of T . Moreover limn T nx = z holds for every x ∈ X.
Proof. Fix x ∈ X. Then by Lemma 2, {T nx} is a Cauchy sequence. Since X is complete, {T nx}
converges to some z ∈ X. From (D), there exists  ∈ N such that T z = z. By Lemma 2, {T nz}
is Cauchy which yields z = T z. Let y ∈ X be a fixed point of T . Then
d(z, y) = lim
n→∞d
(
T nz,T ny
)= 0
by Lemma 1. That is, the fixed point z is unique. 
We give a sufficient condition for (D).
Lemma 3. Let T be a mapping on a metric space X. Assume that T  is continuous for some
 ∈N. Then (D) holds.
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v = lim
n→∞T
nu = lim
n→∞T
 ◦ T nu = T 
(
lim
n→∞T
nu
)
= T v.
This completes the proof. 
By Lemma 3, we obtain the following, which is a generalization of Theorem 2.
Theorem 5. Let (X,d) be a complete metric space and let T be an ACF on X. Assume that
T  is continuous for some  ∈ N. Then there exists a unique fixed point z ∈ X of T . Moreover
limn T nx = z holds for every x ∈ X.
3. Characterizations
In this section, we prove characterizations of ACF. We begin with the following lemma.
Lemma 4. Let T be a mapping on a metric space (X,d). Then the following are equivalent:
(i) T satisfies (C1)–(C3).
(ii) limn d(T nx,T ny) = 0 holds for all x, y ∈ X.
Proof. By Lemma 1, (i) implies (ii). Conversely, in order to prove that (ii) implies (i), we as-
sume (ii). For every δ > 0, we have
sup
{
lim sup
n→∞
d
(
T nx,T ny
)
: d(x, y) < δ
}
= sup{0: d(x, y) < δ}= 0.
This implies (C1). (C2) and (C3) obviously hold. 
The following theorem shows that Definition 1 is the final definition of asymptotic contrac-
tions in some sense.
Theorem 6. Let T be a mapping on a metric space (X,d). Then the following are equivalent:
(i) T is an ACF.
(ii) limn d(T nx,T ny) = 0 holds and {T nx} is a Cauchy sequence for all x, y ∈ X.
Proof. By Lemmas 1 and 2, (i) implies (ii). Let us prove the converse implication. We as-
sume (ii). Then from Lemma 4, T satisfies (C1)–(C3). Fix x ∈ X and ε > 0. Then since {T nx}
is Cauchy, there exists ν ∈N such that d(T nx,T mx) < ε for all m,n ∈N with m > ν and n > ν.
Hence
ε < d
(
T ix,T jx
)
< ε + 1 implies d(T ν+ix, T ν+j x) ε
holds for all i, j ∈N. Therefore (C4) holds. That is, T is an ACF. 
As direct consequences of Theorem 6, we obtain the following.
Theorem 7. Let (X,d) be a complete metric space and let T be a mapping on X. Then the
following are equivalent:
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(ii) There exists a point z ∈ X such that limn T nx = z for every x ∈ X.
Theorem 8. Let (X,d) be a complete metric space and let T be a mapping on X. Assume (D).
Then the following are equivalent:
(i) T is an ACF.
(ii) There exists a (unique) fixed point z ∈ X of T such that limn T nx = z for every x ∈ X.
We next give a stronger and a weaker forms of ACF.
Theorem 9. Let T be a mapping on a metric space (X,d). Then the following are equivalent:
(i) T is an ACF.
(ii) (C1) and the following hold:
(C23)′ For each ε > 0, there exists δ > 0 such that for x, y ∈ X with d(x, y) < ε + δ, there
exists ν ∈N such that d(T νx,T νy) < ε.
(C4)′ For x ∈ X and ε > 0, there exist δ > 0 and ν ∈N such that
d
(
T ix,T jx
)
< ε + δ implies d(T ν ◦ T ix,T ν ◦ T jx)< ε
for all i, j ∈N.
(iii) (C1), (C2), (C3) and the following hold:
(C4)′′ There exists w ∈ X such that for each ε > 0, there exist δ > 0 and ν ∈N such that
ε < d
(
T iw,T jw
)
< ε + δ implies d(T ν ◦ T iw,T ν ◦ T jw) ε
for all i, j ∈N.
Proof. As in the proof of Theorem 6, we can prove that (ii) of Theorem 6 implies (ii). Since
(ii) obviously implies (i), (i) and (ii) are equivalent. It is also obvious that (i) implies (iii). So, in
order to complete the proof, we shall show that (iii) implies (ii) of Theorem 6. We assume (iii).
By Lemma 1, limn d(T nx,T ny) = 0 holds for all x, y ∈ X. As in the proof of Lemma 2, we can
prove that {T nw} is a Cauchy sequence. Let x ∈ X be fixed arbitrarily. Since {T nw} and {T nx}
are equivalent and {T nw} is Cauchy, so is {T nx}. 
We next give an example which says that the notion of ACF is strictly weaker than that of
ACMK.
Example 1. Put X = (N× (0,∞)) ∪ {0} and define a metric d on X by
d
(
0, (n, t)
)= t and d((m, s), (n, t))=
{ |s − t | if m = n,
s + t if m = n,
for (m, s), (n, t) ∈ X. Define a continuous mapping T on X by
T 0 = 0 and T (n, t) =
{
0 if t  1/n,
(n, t − 1/n) if 1/n < t,
for (n, t) ∈ X. Then T is an ACF but is not an ACMK.
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Proof. We note that (X,d) is complete. It is obvious that for every x ∈ X, {T nx} converges to 0.
So by Theorem 6, T is an ACF. We shall show that T is not an ACMK. Arguing by contradiction,
we assume that T is an ACMK. Let {ϕn} be a sequence of functions satisfying (B1)–(B3). Put
ε = 2, and let δ > 0 and ν ∈N be fixed arbitrarily. We choose n ∈N with ε < ε + 2ν/n < ε + δ.
Then we have
ϕν(ε + 2ν/n) = ϕν
(
d
(
(n,1 + ν/n), (2n,1 + ν/n)))
> d
(
T ν(n,1 + ν/n),T ν(2n,1 + ν/n))
= d((n,1), (2n,1 + ν/(2n)))
= ε + ν/(2n) > ε.
This contradicts (B2). Therefore T is not an ACMK. 
4. τ -Distance version of ACF
We can consider the τ -distance version of ACF. In this section, we discuss the relationship
between ACF and the τ -distance version of ACF.
In 2001, Suzuki introduced the notion of τ -distances.
Definition 2. (See [13].) Let (X,d) be a metric space. Then a function p from X × X into
[0,∞) is called a τ -distance on X if there exists a function η from X × [0,∞) into [0,∞) and
the following are satisfied:
(τ1) p(x, z) p(x, y) + p(y, z) for all x, y, z ∈ X.
(τ2) η(x,0) = 0 and η(x, t) t for all x ∈ X and t ∈ [0,∞), and η is concave and continuous
in its second variable.
(τ3) limn xn = x and limn sup{η(zn,p(zn, xm)): m n} = 0 imply p(w,x) lim infn p(w,xn)
for all w ∈ X.
(τ4) limn sup{p(xn, ym): m n} = 0 and limn η(xn, tn) = 0 imply limn η(yn, tn) = 0.
(τ5) limn η(zn,p(zn, xn)) = 0 and limn η(zn,p(zn, yn)) = 0 imply limn d(xn, yn) = 0.
The metric d is a τ -distance on X. Many useful examples and propositions are stated in
[13–16] and references therein. We can introduce the τ -distance version of ACF as follows:
Definition 3. Let X be a metric space. Then a mapping T on X is said to be a p-ACF if there
exists a τ -distance p on X satisfying the following:
(E1) lim
δ→+0 sup
{
lim sup
n→∞
p
(
T nx,T ny
)
: p(x, y) < δ
}
= 0.
(E2) For each ε > 0, there exists δ > 0 such that for x, y ∈ X with ε < p(x, y) < ε + δ, there
exists ν ∈N such that p(T νx,T νy) ε.
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(E4) For x ∈ X and ε > 0, there exist δ > 0 and ν ∈N such that
ε < p
(
T ix,T jx
)
< ε + δ implies p(T ν+ix, T ν+j x) ε
for all i, j ∈N.
In [16], Suzuki showed that the set of all contractions on τ -distances includes the sets of all
usual contractions and all Kannan mappings [6]. That is, the notion of the τ -distance version of
contractions is strictly weaker than that of usual contractions. However we can prove that the
notions of ACF and the τ -distance version of ACF are equivalent.
Theorem 10. Let T be a mapping on a metric space (X,d). Then the following are equivalent:
(i) T is an ACF.
(ii) T is a p-ACF for some τ -distance p.
Proof. Since the metric d is a τ -distance, it is obvious that (i) implies (ii). In order to prove that
(ii) implies (i), we assume (ii). We shall show (ii) of Theorem 6. Fix x, y ∈ X. We consider the
following two cases:
• p(T jx,T jy) = 0 for some j ∈N.
• p(T jx,T jy) > 0 for all j ∈N.
In the first case, we have
lim sup
n→∞
p
(
T nx,T ny
)= lim sup
n→∞
p
(
T n ◦ T jx,T n ◦ T jy)
 sup
{
lim sup
n→∞
p
(
T nu,T nv
)
: p(u, v) < δ
}
for all δ > 0. By (E1), we have limn p(T nx,T ny) = 0. In the second case, as in the proof of
Lemma 1, we can prove limn p(T nx,T ny) = 0. Also, as in the proof of Lemma 2, we can prove
limn supm>n p(T nx,T mx) = 0. Using lemmas in [13], we can obtain (ii) of Theorem 6. 
5. Additional comment
Finally, we state the following theorem which is pointed out by the referee.
Theorem 11. (See Jachymski [4], Leader [9].) Let T be a mapping on a metric space (X,d).
Then the following are equivalent:
(i) T is an ACF.
(ii) For x, y ∈ X and ε > 0, there exist δ > 0 and ν ∈N such that
d
(
T ix,T jy
)
< ε + δ implies d(T ν ◦ T ix,T ν ◦ T jy)< ε
for all i, j ∈N.
(iii) lim infn d(T nx,T ny) = 0 holds for all x, y ∈ X, and for every z ∈ X there exists δ > 0 such
that {d(T n ◦T iz, T n ◦T j z)} converges uniformly to 0 for all i, j ∈N with d(T iz, T j z) δ.
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